Some identities of Frobenius-Euler polynomials 
arising from Frobenius-Euler basis 



by 

Dae San Kim and Taekyun Kim 



Abstract 

In this paper, we give some new and interesting identities which are de- 
rived from the basis of Frobenius-Euler. Recently, Simsek et als(see [13]) 
have given some identities of (^-analogue of Frobenius-Euler polynomials 
related to g-Bernstein polynomials. From the methods of our paper, we 
can also derive the results and identities of Simsek et als (cf.[13] ). 



1 Introduction 

Let \{^ 1) G C. As is well known, the Frobienius-Euler polynomials are 
defined by the generating function to be 

i^^.,^^™.„_^^^,^i^,^:_ (1) 

n=0 

with the usual convention about replacing if"(x|A) by if„(x|A) (see [1—6]) . 
In the special case, x = 0, iJ„(0]A) = i/„(A) are called the n-th Frobenius-Euler 
numbers. 

Thus, by([l]), we get 

(//(A) + 1)" - A//„(A) = Hn{l\X) - XH4X) = (1 - X)6o,n , (2) 

where do,n is the Kronecker symbol. 

From ([1]), we can derive the following equation : 



Hr,{x\X) = {H{X) + xr = J2(''i)H, 

1=0 ^ ^ 



_/(A)xS (see [6-13]). (3) 
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Thus, by (E]), we easily see that the leading coefficient of if„(x|A) is Hq{X) = 1 . 
So, Hn{x\\) is a monic polynomials of degree n with coefficients in Q(A). 
From ([1]), we have 

+ 1|A) - A//„(x|A))- = ^ ^ ■ (4) 

^-^ nl e' — A e* — A 

n=0 

Thus, by (jl]), we get 

Hn{x + 1|A) - XHn{x\X) = (1 - A)x" , forn e Z+ . (5) 
It is easy to show that 

^Hr,{x\X) = ^{H{X) + xT = nHn^^{x\X) , (n G N) . (6) 
From we have 

r i7„(a:|A)rfx = ^(//„+i(l|A) - i/„+i(A)) = A^/f„+i(A) . (7) 
Jo n + 1 n + 1 

Let Pn(A) = G Q(A)[x]| deg p{x) < n} be a vector space over Q(A). 

Then we note that {Hq{x\X), Hi{x\X), ■ ■ ■ , Hn{x\X)} is a good basis for P„(A). 
In this paper, we develop some new methods to obtain some new identities and 
properties of Frobenius-Euler polynomials which are derived from the basis of 
the Frobenius-Euler polynomials. Those methods are useful in studying the 
identities of Frobenius-Euler polynomials. 

2 Some identities of Frobenius-Euler polyno- 
mials 

Let us take p{x) G Pri(A). Then p{x) can be expressed as a Q(A)-linear com- 
bination of Ho{x\X) , ■ ■ ■ , Hn{x\X) as follows : 

n 

p{x) = boHo{x\X) + hH^{x\X) + ■■■ + 6„i^„(x|A) = hHk{x\X) . (8) 

k=0 

Let us define the operator Aa by 

g{x) = Axp{x) = p{x + 1) — Xp{x) . (9) 
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From we can derive the following equation (fTU|) : 

n n 

g{x) = Axp{x) = bk{Hk{x + 1|A) - XHk{x\X)) = (1 - A) J] hx' . (10) 

k=0 k=0 

For r G Z+, let us take the r-th derivative of g{x) in f llOp as follows : 
^W(x) = (l-A)^A;(fc-l)--- (A:-r+l)6fcx'-^ where g^'\x) = '^^^. (11) 

til// 



Thus, by dll]), we get 

nno\ = - 

dx"' 

From (fT2D. we have 



j''(0) = ^^l„o=(l-A)r!6,. (12) 



where r G Z_|_ , and p^^\Q) = J^r^ \ x=o ■ Therefore, by (IT^ . we obtain the 
following theorem. 

Theorem 1. For \{y^ 1) G C, n G Z+, 

let p{x) G P„(A) with p{x) = Ylt=o^kHk{x\X) . Then we have 
Let us take p{x) = Hn{x\\~^). Then, by Theorem [H we get 

n 

H^{x\X-') = J2hHk{x\X), (14) 

A:=0 

where 

1 -n' 

• {/7„_,(l|A-i)-A//„_,(A-i)} (15) 



(1 - X)k\ {n-ky. 
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1-X \ k 



n 



{//„_fc(l|A-0-Aif„_,.(A-^)} 



( ^ ) {(1 - A-^)0"-'= + \H^.,iX-') - XH^.^iX-')} . 



By ([H]) and ([15]), we get 

Hn{x\X-') (16) 
1 " il) 4l) 



k=0 



\h^{x\X) + E ( ^ ) ^H^-k{X-')H,{x\X) . 

k=0 ^ 



Therefore, by f[T6j) . we obtain the following theorem. 
Theorem 2. For n G Z+ , we have 

XHn{x\X-^) + Hn{x\X) = (1 + A) ( ^ ) Hn^k{X-^)Hk{x\X) . 

k=0 ^ ^ 

Let 

n 

p{x) = Hk{x\X)H^.k{x\X) G P„(A) . (17) 

fc=0 

From Theorem [21 we note that p{x) can be generated by {Hq{x\X), Hi{x\X), 
■ ■ ■ , Hn{x\X)} as follows: 

n n 

p{x) = J2Hk{x\X)Hn-k{x\X) = Y,bkHk{x\X) . (18) 

fc=0 fc-0 

By ([IZD, we get 

P^'\x) = .\l^-^.,X ^m^,{x\X)H^.,{x\X), (19) 
^ ^' i=k 
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and 

fe.= (^_\)^, {P^^Hl)-Ap(^nO)} (20) 



n + 1 



n 



(1 - A)(n- A; + 1) 

(1 - A)5o,n-0 - Ai/i-fc(A)//„_KA)} 
n + 1 



(l) E{(A^;-fc(A) + (1 - A)5o,z-fc)(Ai/„-i+ 



( r ) S^^^^^ " ^)^o,i-kHn-i{X) + A(l - A) 



\2 



(1 - A)(n- A; + 1) 

X Hi_k{X)6o,n^i + (1 - Xydo,i.kSo,n^i + A(A - l)//,_fc(A)//„_,(A)} 

n + 1 
(1 - A)(n- A; + 1) 

X if„_fe(A) + A(l - A)//„_fc(A) + (1 - A)^^,,,} 

n + 1 f n 
n — k + 



(l) - ^)Hi-kiX)Hr..,iX) + A(l - A) 

A)//„_fc(A) + (1 - A)^^,,,} 

lil) X^{-Ai^;-fc(A)//._z(A) + 2A//„_fc(A) + (1 - A)Vfc} • 
\ / 1—1, 



l=k 

From (dH]) and (120]), we have 

/ n 

n n-1 I ^ ) " 

V i7fc(x|A)J/„_fc(a;|A) = (n + 1) V ^ , y;{(-A)i/z-fc(A)if._KA) 

fc=0 fc=0 Z=fc 

(21) 

+ 2XHr,_k{X)}Hkix\X) + {n + l)//„(x|A) . 
Therefore, by (12T|) . we obtain the following theorem 
Theorem 3. For n G Z+ , we have 



1 " 

— Y,Hk{x\X)Hn-k{x\X) 



n . - 

k=0 



n 

n-l I ' " 



J2 n_k + l J2^(->')Hi-k{X)Hn-i{X) + 2XH^.k{X)}Hk{x\X) + Hn{x\X) . 



n — A; + _ 
fc=0 «=fc 



Let us consider 

n 

By Theorem [T|, p{x) can be expressed by 

n 

p{x) = Y,hHk{x\X). (23) 



fc=0 

From (|22D. we have 



(A; — r)!(n — /c). 
By Theorem [H we get 

bk = ^{p^'\l) - P^'HO)} (25) 

ofc-l " 1 

= ^ E + (1 - A)<^o,-.)(A//„-z(A) 

+ (1 - A)5o,n-0 - A//;_fc(A)iJ„_KA)} 

2^-1 A(A - l)if,_,(A)iJ„_,(A) , 2A(1 - A)ff„_fe(A) , . 
-^^f^ {l-k)\{n-l)\ + ^^^I)^ +(1-A) V4 

2^Y-n r -^(^-l)gi-fcWgn-i(A) I 2A(l-A)g„_fc(A) -i :r> 

Z^l=k\ (l-k)\(n~-l)\ (n-fcl! J ' 1^ T 



k\ A^l=kl {l-ky.{n~-iy. ' {n-ky. 

if k = n 



2"-i(l-A) 



1,! ' 



Therefore, by fl25l) . we obtain the following theorem. 
Theorem 4. For n G Z+, we have 

p^-^^M-mn-k{x\x) 

:^2^-^^^ A(A-l)//,_,(A)g„,KA) , 2A(l-A)g._,(A) ,^, 

= ^ (/_fc)i(n-/)! + i^^^i i^'^^^l^) 

+ ^^"^\-^^ H^{x\X). 
nl 



3 Higher-order Frobenius-Euler polynomials 

For n e Z+ , the Frobenius-Euler polynomials of order r are defined by the 
generating function to be 

fl^Ve-' = e^^''^^"!^)* (26) 



r 

I — 



n=0 



with the usual convention about replacing {H'''^\x\X))"' by Hn\x\X), (see 
[1—10]) . In the special are called the n-th 

Frobenius-Euler numbers of order r , (see [8—9]) . 
From fl2Bl) . we have 

1=0 ^ ^ 

with the usual convention about replacing (H^'^^X))'^ by Hn\x) . 
By ([26]), we get 



(28) 



ilH \'nr=n 



where ( ^ ) = — t-^ , . From fl27D and 0281) , we note that the 

\ ni,n2,- ■ ■ ,n.r J rulnal-n,! ^ V ^ 

leading coefficient of Hn\x\X) is given by 

rtiH \-nr=0 ^ ^ 

= //o(A)---//o(A) = l. (29) 

Thus, by (129|) . we see that i/i'^^ is a monic polynomial of degree n with coeffi- 
cients in Q(A) . From (l26i) . we have 

= for n e Z+ , (30) 

and 

^^i^H^lA) = ^(^^'■^A) + xr = nHi[l,{x\X), (r > 0) . (31) 



It is not difficult to show that 

Hi:\x + 1|A) - XHi:\x\X) = (1 - X)Ht'\x\X) . (32) 

Now, we note that {Hq\x\X), h[''\x\X), ■ ■ ■ , Hn\x\X)} is also a good basis 
for P„,(A) . 

Let us define the operator D as Df(x) = and let p{x) G Pn(A) . Then 
p{x) can be written as 

n 

p{x) = Y,C,Hi[\x\X). (33) 

k=0 

From and fl5^ . we have 

A,H^:\x\X) = H^;\x + 1|A) - XH^:\x\X) = (1 - X)Ht'\x\X) . (34) 
Thus, by (1551) and flM|) . we get 

n n 

A>(a:) = (1 - A)^^ ^ (a:| A) = (1 - A)^'' C7,a;^ . (35) 

fc=0 fc=0 



Let us take the fc-th derivative of /\\p{x) in ([35 
Then we have 



" /! 



^'(A>(x)) = (1 - A)^ g (TziyyC^^'"' • (36) 



Thus, from fl36l). we have 



^'(A>(o)) = (1 - A)^' g (T^riyy 0'"' = - ^)''^'^^ • (^7) 



Thus, bydSTD, we get 



(l-A)^A;! 
AU^'P(O)) 

(1 - A)'^^! (1 - xyk\ 



Therefore, by (l33l) and (l38l) . we obtain the following theorem. 
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Theorem 5. For r G Z_|_ , let p{x) G Pn(A) with 

1 " 

^'(^) = (T^aF ^ ^'=^^'^(^1^)' ^ ^^^^^ • 

Then we have 



i=o 

That is, 



i / r 



fc=0 j=o ■ V / 

Let us take p{x) = Hn{x\X) G Pri(A) . Then, by Theorem 0, p{x) = iJ„(x|A) 
can be generated by {H^^\x\X), h[^\X), ■ ■ ■ , Hn \x\X)} as follows : 

n 

H4x\X) = Y,CkHi'\x\X), (39) 

k=0 

where 
and 

= = n(n - 1) ■ ■ ■ (n - A; + l)H„.-k{x\X) = . ^' , //„_fc(x|A) . 

(41) 

By (Uni) and dH]), we get 

Therefore, by 0391) and 0421) . we obtain the following theorem. 
Theorem 6. For n G Z_|_, we have 

Hum = ^Y^E ( r ) £ ( J ) (-A)^-^'^n-.(j|A))i/r(x|A) . 
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Let us assume that p{x) = Hn \x\X) . 
Then we have 



p\x) = n(n - 1) ■ ■ ■ (n - A; + l)//i"i;,(x|A) (43) 



{n-k)l 

From Theorem [H we note that p{x) = Hn \x\X) can be expressed as a hnear 
combination of i/o(a^|A), i/i(x|A), ■ ■ ■ ,iJ„(x|A) : 

n 

H^:\x\X) = Y,bkHk{x\X), (44) 

k=0 

where 



(l-A)A;!(n-A;)! 
By ([M]) and (gS]), we get 



{^r^(l|A)-Ai/r^(A)}. 



""^^^r.^^lA). (46) 



" (1 - A)2 V ^ 
Therefore, by (jUj) and (l46i) . we obtain the following theorem. 
Theorem 7. For n G Z_|_, tfe /laue 



^'^H^IA) = E ( I ) ^^^^ W^' 



(x|A). 
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